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A mathematical model was developed and validated to simulate the dynamic behavior
of a UASB reactor. This model took into consideration all the biological and physico-
chemical reactions. Seven microbial populations were selected using Monod kinetics
where inhibition terms were added. The overall biological reactions were determined by
first evaluating the reactions for energy and synthesis separately and then adding them to-
gether. For each differential time interval, the biomass produced was estimated from the
stoichiometry of these reactions. The feasibility of each reaction was determined by ther-
modynamic calculations. A thermodynamic solution was suggested for the microorgan-
isms that are able to follow more than one catabolic routes and produce several products
in spite of the fact that they consume just one substrate. All the reactions that may be per-
formed were realized according to the relative percentage of their free energies. The vali-
dation of the model was based on a set of dynamical experiments designed to cover a
wide spectrum of operating conditions that are likely to take place in the practical opera-
tion of a UASB plant. The model can be a useful tool for the prediction of process per-
formance in transient conditions, even in failure, and can be used to assist in the opera-
tion of biogas plants. � 2007 American Institute of Chemical Engineers AIChE J, 53: 3269–
3276, 2007
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Introduction

In the past 20 years, upflow anaerobic sludge blanket
(UASB) technology was developed for wastewater treatment.1–6

The UASB reactor is considered desirable in high-strength
organic wastewater treatment because of its high biomass con-
centration and richmicrobial diversity.5,7–10

The anaerobic treatment plants, although used frequently at
the industrial scale, they are known to become easily unstable
under some circumstances, such as variations of the process
operating conditions. Nevertheless, this drawback can be over-
come by associating a monitoring procedure with a decision

support system that allows the enhancement of the stable
performance of the online wastewater treatment operation via
a feedback control loop.11–15 Therefore, a reliable dynamic
model of the process is required for the design of such monitor-
ing and control algorithms.

The dynamic modeling of anaerobic digestion has been an
active research area during the last three decades. A dynamic
model can be used for different purposes. One objective can be
the numerical simulation of the process behavior; for example,
for predicting its dynamical behavior or for identifying and
understanding better the major mechanisms driving its dynam-
ics. Another objective is the design of monitoring and control
algorithms.15 The aim of this article was the development of a
UASB dynamic model that serves both objectives.

The article is organized as follows. The first section briefly
describes the UASB reactor, the measurement devices and the
considered methods. The modeling assumptions are then intro-
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duced in a second section. Then a description of the basic ele-
ments of the model (reaction network, chemical equilibria,
hydrodynamics) is given. From these considerations, a mass-
balance-based model consisting of a set of differential equa-
tions is derived. The kinetic parameters of the model are esti-
mated using a first set of experimental data. Then the model is
validated using another set of experimental data.

Materials and Methods

Composition of feed

Synthetic milk wastewater used in this study was prepared
by diluting fat-free fresh milk. This synthetic milk wastewater
ensured the presence of various micronutrients in contrast to
most chemostatic feeds. Furthermore, this substrate could sim-
ulate dairy wastewater. The COD of this wastewater ranged
from 2500 to 12,500 mg L21. The total nitrogen, total phos-
phorous and total sulphur of the wastewater ranged from 125
to 625 mg L21, 20 to 100 mg L21, and 14 to 71 mg L21 respec-
tively. pH varied between 6.5 and 7.0.

Reactor operating conditions

A Plexiglas laboratory-scale UASB reactor (Figure 1) with a
volume of 20 L, was operated at 358C. Hydraulic retention
time was 20 h. The COD load was increased from 2.5 g COD
L21 d21 to 12.5 g COD L21 d21 by a step of 2.5 g COD L21 d21

every 15 days.
During the reactor’s operation, gas production and compo-

sition, COD and total sulphur concentrations in the influent
and effluent were measured daily. Concentrations of bicar-
bonate alkalinity (ALK) and volatile fatty acids (VFA) were
determined in the sludge bed. Sludge samples from all the
sampling ports of the sludge bed of the reactors were col-
lected for the determination of their density, total suspended
and volatile solids content and settling characteristics. All

analysis for pollution parameters were conducted in accord-
ance with the standard methods.16 All chemicals were of ana-
lytical or biological grade and purchased from E. Merck AG.
The concentration and composition of VFA was analyzed by
gas chromatography (HP Agilent 5890) using a flame ioniza-
tion detector (FID) and a packed column suitable for VFA
analysis. The produced gas was recorded by a wet gas meter
(Ritter Gas meter Drum type TG01) and gas composition was
analyzed by gas chromatography (HP Agilent 5890) using a
thermal conductivity detector (TCD) and a packed column
suitable for biogas. Argon was used as the carrier gas with
flow rate of 30 mL min21.

Modeling and Theoretical Aspects

Model assumptions

The model included four biochemical (cellular) processes
(acidogenesis, acetogenesis, methanogenesis, and sulphate
reduction) and an extracellular process (hydrolysis). The hy-
drolysis rate followed first order kinetics.17 The bacterial popu-
lations were assumed to be divided into seven main groups of
homogeneous characteristics18,19 (Figure 2):

(1) Fermentative bacteria FB, bacteria that decompose com-
plex organic substrate into organic acids and then the latter into
volatile fatty acids and carbon dioxide,

(2) Syntrophic bacteria 1 SB1, bacteria that convert propi-
onic acid into acetic acid,

(3) Syntrophic bacteria 2 SB2, bacteria that convert butyric
acid into acetic acid,

(4) Homoacetogenic bacteria HAB, bacteria that from
hydrogen and carbon dioxide produce acetic acid,

(5) Acetophilic methanogenic bacteria AMB, bacteria that
convert acetic acid into methane,

(6) Methanogenic bacteria MB, bacteria that convert hydro-
gen and carbon dioxide into methane,

Figure 1. Laboratory scale UASB reactor.
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(7) Sulfate reducing bacteria SRB, bacteria that reduce sul-
fate ions to sulfide using organic acids as electron donor as
well as carbon source.

Carbon (C) was chosen to be the chemical component base
unit in mass basis. Molar basis was used for components with
no carbon such as sulfur and hydrogen.

Kinetics

The substrate uptake rates of all microbial groups were con-
sidered to follow a Monod-type kinetics.

The following mechanisms of inhibition in biological proc-
esses were considered17,20:

(1) Noncompetitive
(2) Uncompetitive
(3) Competitive
(4) pH inhibition

These four types of inhibition were adjusted to the uninhib-
ited Monod-type kinetics as follows:

1. K ¼ Kmax 3 Sub

KS þ Sub
3

KI

KI þ I

2. K ¼ Kmax 3 Sub

KS þ Sub 3 1 þ KI

I

� �

3. K ¼ Kmax 3 Sub

KS 3
�
1 þ I

KI

�þ Sub

4. K¼Kmax 3 Sub

KS þ Sub
3

1 þ 23100:5 � ðpHLL�pHULÞ
1 þ 10ðpH�pHULÞ þ10ðpHLL�pHÞ

where:

Sub is the concentration of substrate for process
I is the concentration of inhibitor
pHUL and pHLL are upper and lower limits where the group

of organisms is 50% inhibited respectively.

In the model that was constructed, inhibition of unionized
fatty acids, ammonia, dissolved carbon dioxide, molar hydro-

gen, solution ionic strength, hydrogen sulfide, and pH needed
to be accounted for. Taking into consideration the literature
and the bacterial reactions, the following matrix was formed
(Table 1). This table presents the type of inhibition that was
assumed for each microorganism. Table 2 presents the values
of inhibition coefficients taken from literature for similar an-
aerobic processes and substrates.

Evaluation of stoichiometric coefficients of overall
biological reactions

Reaction equations with proper stoichiometric coefficients
can be devised for overall biological reactions by first evaluat-
ing the reactions for energy and synthesis separately and then
adding them together (Supplementary Material). Heterotrophic
and chemosynthetic autotrophic microorganisms obtain energy
for growth by mediating oxidation–reduction reactions. Such
reactions involve a flow of electrons from electron donors to
electron acceptors. For the synthesis reactions, the chemical
formula of bacterial cells was assumed to be C5H7O2N.

17

For each i reaction, Ei represents the electron equivalents of
the electron donor converted for energy per electron equivalent
of cells synthesized. Thus, each overall biological reaction
derives from the addition of the energy reaction and the synthe-
sis reaction divided by Ei. The values of Ei can be approxi-
mated from considerations of the energy released by the energy
reactions, the energy required for synthesis, and the efficiency
by which energy is transferred in these reactions.

McCarty (1971)29 presented the following equation for the
estimation of Ei.

Ei ¼ �DGpi=e
m þ DGni=eþ DGci

eDGi

(1)

The terms in the numerator represent the quantity of energy
required to synthesize an electron equivalent of cells. The term
DGpi represents the quantity of energy required to convert the
carbon source used for synthesis of cells mediating i reaction
into an intermediate (assumed to be pyruvate for energy calcu-
lations). This is obtained by subtracting DGo for the pyruvate
half reaction (528.54 kcal eq21) from DGo for the half-reac-
tion involving the cell carbon source. DGci represents the
energy for conversion of intermediate into cells and was esti-
mated to be equal to 7.5 kcal eq21.29

DGni represents the energy required to reduce the nitrogen
source used for cell synthesis into ammonia. DGni equals zero
if the nitrogen source is ammonia, the usual nitrogen source in
methane fermentations.

Figure 2. Microbial populations and respective reac-
tions.

Table 1. Type of Inhibition* for Each Microorganism and
Inhibitor

VFA NH3 CO2aq H2

Ionic
strength H2Saq pH

FB 3 1 3 3 1 1 4
SB1 0 1 3 1 1 1 4
SB2 0 1 3 1 1 1 4
HAB 3 1 2 0 1 1 4
MB 3 1 2 0 1 1 4
AMB 3 1 3 1 1 1 4
SRB 0 1 3 2 1 3 4

*0 5 No inhibition, 1 5 Noncompetitive inhibition, 2 5 Uncompetitive inhibi-
tion, 35 Competitive inhibition, 45 pH inhibition.
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The denominator of Eq. 1 represents the energy released and
available for the synthesis reaction per electron equivalent of
change for the energy reaction. The value DGi, is a function of
the activities of reactants and products and is determined by
use of the following equation:

DGi ¼ DG�
i þ RT

Xm
j¼1

uj ln aj (2)

where DGi8 is the standard free energy for i reaction
uj are the stoichiometric coefficients of i reaction
aj is the activity of component Aj in i reaction
The activity for nongaseous components is approximated by

their molar concentration and for gaseous components by their
partial pressure.

The value of e represents the efficiency of energy conver-
sion, and for autotrophic and heterotrophic bacteria growing
under suitable environmental conditions generally varies from
about 0.4 to 0.8 with an average of about 0.6. The value for m
is11 for DGpi[0 and21 for DGpi\0.29

According to the theory mentioned above, the overall bio-
logical reactions were determined and incorporated in the
model. For each differential time interval, the biomass pro-
duced was estimated from the stoichiometry of these reactions,
in contrast to the conventional anaerobic models where a con-
stant Y (maximum cell yield coefficient) is used. Furthermore,
the feasibility of each reaction was determined by thermody-
namic calculations, DGi.

From Figure 2, it is obvious that the fermentative bacteria,
while consuming the same substrate, may produce either ace-
tic acid, or propionic acid, or butyric acid, or hydrogen and
carbon dioxide. In other words, the fermentative bacteria per-
form simultaneously four different biological reactions. In
anaerobic digestion, this phenomenon is very common.
Many bacterial populations are able to follow more than one
different catabolic routes and produce several products in
spite of the fact that they consume just one substrate. For this
reason, during mathematical modeling of anaerobic digestion,
the issue of choice of the possible routes is set. In this model,
for these microorganisms, a thermodynamic solution is sug-
gested. All the reactions that may be performed are realized
according to the relative percentage of their free energies.

In particular, the fermentative bacteria are divided in four
subgroups according to the four possible reactions. The per-
centage of fermentative bacteria of each subgroup is calculated
for each differential time interval from the relative percentage
of the free energies of the four possible reactions.

Physicochemical processes

The physicochemical system can be defined as nonbiologi-
cally mediated processes that commonly occur in anaerobic
reactors. There are three broad types listed below according to
the relative kinetic rates:

(1) Liquid–liquid processes (i.e. ion association/dissocia-
tion: rapid)

(2) Liquid–gas processes (i.e. liquid-gas transfer: rapid/me-
dium)

(3) Liquid–solid processes (i.e. precipitation/solubilization:
medium/slow)

In the literature,17,24 only the first two process types have
been commonly addressed in anaerobic models, whereas this
was not the case for this model.

Liquid–liquid processes

Volatile Fatty Acids. The volatile fatty acids that were
taken into account in this model were acetic, propionic, and bu-
tyric acid. For each species, the total concentration of VFA is
composed of ions VFA2 and unionized VFAmol. The corre-
sponding dissociation constant is equal to:

Ka ¼ Hþ 3 VFA�

VFAmol

(3)

The numerical value of Ka in the considered pH range is 1.76
3 1025 mol L21 for acetic acid, 1.34 3 1025 for propionic
acid and 1.543 1025 for butyric acid.30

Ammonia. The total concentration of ammonia NH3 is
composed of ions NH4

1 and unionized ammonia NH3mol. The
corresponding dissociation constant is equal to:

Kb ¼ OH� 3 NHþ
4

NH3mol

(4)

The numerical value of Kb is 1.793 1025 mol L21.30

Inorganic Carbon. The chemical reactions involving the
inorganic carbon are mainly composed of dissolved carbon
dioxide (CO2aq), bicarbonate (HCO3

2), carbonic acid (H2CO3)
and carbonate (CO3

22) in line with Bernard et al. (2001). The
total inorganic carbon Cin is equal to:

Cin ¼ CO2aq þ H2CO3 þ HCO�
3 þ CO2

3 � (5)

These species are in equilibrium according to the following
reactions30:

CO2aq þ H2O ! H2CO3 K1 ¼ H2CO3

CO2aq

¼ 1:3 3 10�3 (6)

Table 2. Inhibition Coefficients for Each Microorganism and Inhibitor

VFA (gC L21) NH3 (mol L21) CO2aq (gC L21) H2 (mol L21) Ionic strength H2Saq (mol L21)

FB 0.0000517,21 0.122 0.000523 0.00117,21 * 0.000824

SB1 – 0.00217,21 123 0.0117,21 1025 0.00224

SB2 – 0.00422 123 0.0117,26 1025 0.00424

HAB 115 0.00524 0.00123 – 1025 0.00524

MB 0.715 0.000622 * – * 0.00624

AMB 0.615 0.0006817,21 0.0323 * * 0.00624

SRB – 0.00127 127 53 1021027 1027 0.006828

*The inhibition coefficients estimated through experimental data.
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H2CO3 ! Hþ þ HCO�
3 K2 ¼ Hþ 3 HCO

�
3

H2CO3

¼ 2 3 10�4

(7)

HCO�
3 ! Hþ þ CO2�

3 K3 ¼ Hþ 3 CO3
2�

HCO�
3

¼ 4:69 3 10�11

(8)

Total Sulfur. The chemical reactions involving the sulphur
are mainly composed of: dissolved H2S (H2Saq), sulfide ions
(S22), hydrogen sulfide ions (HS2) and sulfate ions (SO4

22).
The total inorganic sulfur (TS) is equal to:

TS ¼ H2Saq þ S2� þ HS� þ SO2�
4 (9)

These species are in equilibrium according to the following
reactions.30:

Hþ þ S2� ! HS� K1;S ¼ HS�

Hþ 3 S2�
¼ 8:33 3 1012 (10)

Hþ þ HS� ! H2Saq K2;S ¼ H2Saq

Hþ 3 HS�
¼ 107 (11)

pH Determination. For the pH determination, the central
equation is the charge balance of ionic species (Eq. 12) in the
reactor which is solved simultaneously with the mass balan-
ces.24,31

HCO�
3 þ 2 � CO2�

3 þ HS� þ 2 � S2� þ 2 � SO2�
4

þ VFA� þ OH� ¼ NHþ
4 þ Hþ þ Zþ ð12Þ

where Z1 is the concentration of all cations apart from H1 and
NH4

1.

Liquid–gas transfer

The following four main gas components are considered
significant as intermediates and as having a strong effect on
biological processes:

CH4–relatively low solubility
CO2–relatively high solubility
H2S–high solubility
H2–high solubility

Because of the very low solubility of methane, the concen-
tration of dissolved methane is neglected and the produced
methane is assumed to go directly out of the fermenter with a
molar flow rate proportional to the reaction rate of methano-
genesis.

The molar flow rate (qC) for CO2, H2S and H2 can be com-
puted using Henry’s law:

qC;i ¼ kLai�ðCaq;i � KH;i � piÞ (13)

Liquid–solid processes

Solids precipitation is the complexing of cations and anions
in neutral inorganic solid form. Potentially important solid
precipitants in anaerobic digesters include calcium carbonate,
calcium hydroxide, calcium phosphate, magnesium carbonate
and metal sulfide precipitates. The most important forms of
precipitates are calcium carbonate and calcium hydroxide and
thus they were chosen to be addressed in the present
article.32,33

Ca2þ þ CO2�
3 ! CaCO3s Ksp ¼ 108 (14)

Ca2þ þ 2OH� ! CaðOHÞ2s Ksp ¼ 103:75 (15)

The liquid–solid equilibriums are not assumed instant. Thus, a
transfer rate (qs) from the liquid to the solid phase was consid-
ered34:

qs;i ¼ kLsi � ðCaq;i � Caq;th;iÞ (16)

Hydrodynamics of the fermenter

In studies on the fluid-flow pattern in upflow reactors, it
was found that both the sludge bed and the sludge blanket

Figure 3. Flow rate profile.
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can be described as separate, well-mixed flow regions. Con-
sequently, in the description of the fluid flow pattern, two
ideal mixers were taken for these two areas.15,35–39 The
recirculation tank was considered as the third ideal mixer
(Figure 3).

Results

Model implementation

A number of different modules describing the rate of bio-
logical reactions, the equilibrium solution chemistry, the liq-
uid-gas and liquid-solid mass transfer were constructed.
Combined, these resulted in a system of differential alge-
braic equations. Apart from Henry’s Law constants, dissoci-
ation constants, molecular weights and COD values, which
are easily calculated or obtained from standard chemistry
textbooks, the model has a large number of parameters for
the calculation of the rates of the biological reactions. All
the parameters required were obtained from a survey of
published anaerobic kinetic constants except for the follow-
ing inhibition constants:

– CO2 for methanogenic bacteria
– H2 for acetophilic methanogenic bacteria
– Ionic strength for fermentative, methanogenic and aceto-
philic methanogenic bacteria

First-order integration in time with a variable time step was
performed in a sequence of calculations/steps by a computer
program. The program was written in Visual Basic in a gener-
alized form, where a variable number of steps, organisms,
components and kinetic models with associated data as well as
substrate and inoculum specifications could be specified
through input data. The program allowed interactive user con-
trol of external parameters such as hydraulic loading, tempera-
ture and substrate composition.

The experimental record data that derived from the imple-
mentation of COD loads 2.5 g COD L21 d21 and 5 g COD L21

d21 was used for the parameters estimation. The unknown inhi-
bition constants were estimated aiming the optimum prediction
of biogas production rate, COD concentration in the effluent,
CH4, CO2, H2S, H2 content in biogas, composition and concen-
tration of volatile fatty acids.

Simulation results

The model has been successfully used to simulate the opera-
tion of the reactor in an unknown data range of higher loading
rates from 7.5 to 12.5 g COD L21 d21. For loading rates up to
10 g COD L21 d21, the performance of the reactor was satis-
factory with COD digestion rate higher than 80%. However,
when the COD loading rate was increased, the system was led
to failure given the high effluent COD concentrations and the
sudden drop of biogas production (Figures 4 and 5).

The response of the model was compared to the experimen-
tal data. Plots of actual and simulated COD concentrations in
the effluent and biogas production are shown in Figures 4 and
5. The predicted values are in good agreement with the experi-
mental values. Apart from the variables presented in Figures 4
and 5, the model prediction fitted well to:

– pH values in the sludge bed (Figure 6)
– biogas composition (Figure 7)
– composition and concentration of volatile fatty acids

(Figures 8 and 9)

Figures 4–9 cannot give sufficient information for the
adequacy of the model that was constructed. To check the
model, goodness of fit X2 test was conducted according to

Figure 4. COD concentrations in the effluent (measured
and predicted from the model) for loading
rates 7.5–12.5 g COD L21 d21.

Figure 5. Daily biogas production (measured and pre-
dicted from the model) for loading rates 7.5–
12.5 g COD L21 d21.

Figure 6. pH in the sludge bed (measured and predicted
from the model) for loading rates 7.5–12.5 g
COD L21 d21.
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Parratt (1961).40 By this test it was examined how well
the developed dynamic model fitted a set of observations.
It was performed to test whether the observed frequencies
differ significantly from the expected frequencies. The
chi-square statistic is a sum of differences between ob-
served and expected outcome frequencies, each squared
and divided by the expectation. The resulting values were
compared with chi-square distribution and the goodness of
fit was determined. For the COD concentrations in the
effluent, the probability was estimated and was equal to
0.835. For given degrees of freedom and significance
level, the model can be considered very satisfactory. The
respective value for biogas production was 0.871, so the
model also predicted well the biogas production. Thus,
the results of X2 test revealed that the model can be a sat-
isfactory prediction tool.

Conclusions

A mathematical model able to simulate the dynamic behav-
ior of an anaerobic UASB digester was developed and vali-
dated. In this model all the biological and physicochemical
reactions were accounted for. The innovative points in the
model structure are:

– the thermodynamic solution for the microorganisms that
are able to follow more than one catabolic routes and produce
several products in spite of the fact that they consume just one
substrate.

– The fact that the biomass produced was estimated from
the stoichiometry of energy and synthesis reactions, in contrast
to the conventional anaerobic models where a constant Y (max-
imum cell yield coefficient) is used.

– The feasibility of each reaction was determined for each
differential time interval by thermodynamic calculations, DGi.

First-order integration in time with a variable time step was
performed in a sequence of calculations/steps by a computer
program. Experiments were designed covering a wide range of
experimental conditions in order to develop and validate the
model. This diversity was obtained via various organic loading
rates given various influent COD concentrations.

During the model’s simulation, it proved to be efficient in
dynamical conditions, since not only the organic loading rates
were gradually increased, but the sludge bed characteristics
never achieve steady state conditions. Another important point
is that this model predicted the system’s failure in high organic
load, something that the conventional mathematical models
hardly achieve.

Conclusively, the model can be a useful tool for the predic-
tion of process performance in the future and can be used to
assist in the operation of biogas plants.
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Notation

Caq,i5concentration of soluble i component, mol L21

Caq,th,i5 theoretical maximum concentration of i soluble component,
mol L21

Cin5concentration of inorganic carbon, gC L21

CO25concentration of CO2 gas, gC L21

CO2aq5concentration of soluble CO2, gC L21

CO3
225concentration of carbonate ions, gC L21

H15concentration of hydrogen ions, mol L21

H25concentration of hydrogen, mol L21

Figure 7. Biogas composition (measured and predicted
from the model) for loading rates 7.5–12.5 g
COD L21 d21.

Figure 8. Total concentration of volatile fatty acids
(measured and predicted from the model) for
loading rates 7.5–12.5 g COD L21 d21.

Figure 9. Composition of volatile fatty acids (measured
and predicted from the model) for loading
rates 7.5–12.5 g COD L21 d21.
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H2CO35concentration of carbonic acid, gC L21

H2S5concentration of hydrogen sulfide gas, mol L21

H2Saq5concentration of soluble hydrogen sulfide, mol L21

HCO3
25concentration of bicarbonate ions, gC L21

HS25concentration of hydrogen sulfur ions, mol L21

KH,i5Henry’s law constant for i gas, mol atm21 L21

kLa,i5gas–liquid transfer coefficient for i gas, d21

kLS,i5solid–liquid transfer coefficient for i solid precipitate, d21

Kmax,Xi
5Monod maximum specific growth rate, d21

KXi
5specific growth rate, d21

NH35concentration of ammonia, gN L21

NH3mol5concentration of nonassociated ammonia, gN L21

NH4
15concentration of ammonia ions, gN L21

OH25concentration of hydroxyl ions, mol L21

pi5partial pressure of i gas
Q5influent flow rate, L d21

qc,i5molar flow rate of i gas, mol L21 d21

Qr5recycle flow rate, L d21

qs,i5flow rate of i solid precipitate, mol L21 d21

S225concentration of sulfur ions, mol L21

SO2�
4 5concentration of sulfate ions, mol L21

TS5concentration of total sulfur, mol L21

VFA5concentration of volatile fatty acids, gC L21

VFA25concentration of associated volatile fatty acids, gC L21

VFAmol5concentration of nonassociated volatile fatty acids, gC L21

YXi
5yield of biomass, gC gC21
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